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Recap on image reconstruction

MRI: 
estimate image 𝑥 from measured data 𝑏 using model 𝐸

ො𝑥 = argmin𝑥 𝑏 − 𝐸𝑥 2

PET:

estimate image 𝜃 from measured data 𝑚 using model 𝐴
𝜃 = argmax𝜃𝐿 𝜃;𝑚 − 𝛽𝑈(𝜃)

with

𝐿 𝜃;𝑚 = log𝑃𝑟𝑜𝑏(𝑚|𝐴𝜃 + 𝑏)

Connection:
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Exploiting MR in PET image reconstruction

• Traditional prior information:

images should be locally smooth 
(Markov prior)

• Anatomical priors:

change weights depending on MR information



T1 Grey White CSF

prior knowledge,

valid for several

tracers

(FDG, ECD, ...)

• CSF: no tracer uptake

• white: uniform, low tracer uptake

• grey: higher tracer uptake,

possibly lesions

MAP with anatomical prior
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MR Segmentation-based approaches

• No smoothing across edges of segmentation 
classes

𝑤𝑗𝑘 = 0 if 𝐶𝑗 ≠ 𝐶𝑘

• Use tissue-fractions. Example: AMAP
• Voxel j contains a fraction 𝑔𝑗 of GM and 𝑤𝑗 of 

WM, so 𝜃𝑗 = 𝑔𝑗𝐺𝑗 + 𝑤𝑗 𝑊
• Use Markov prior on 𝐺𝑗, use uniformity 

assumption on white matter

PET OSEM 𝜆𝑗AMAP𝐺𝑗AMAP

Images 

courtesy

Johan Nuyts



Bowsher prior

“Bowsher” prior (Bowsher et al. IEEE NSS-MIC 2004):

– smoothing prior in PET, applied to voxels most similar in MRI

– no segmentation required
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Bowsher (3 of 8)
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Basis-function approach

Dictionary Learning
> Image as linear combination 

of overlapping patches

> Learn patches (from training data or 
the actual image) and fit the coefficients

Kernel-based reconstruction

> Image is non-negative linear combination of kernels which 
are determined e.g. from MR image 
(assumption: if MR features are locally similar, then PET values will be as well)

> Find kernel parameters (e.g. width) from training data

Wang and Qi, TMI, 2015; Hutchcroft et al, PMB, 2016; Novosad and Reader, PMB, 2016

Elad and Aharon. IEEE TIP 2006.
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Kernel-based reconstruction

Use “side-information” 𝑔 𝑟 (e.g. T1) to make kernel 
“sharper” where there are edges in the T1



Kernel-based reconstruction (discretised)

Use “side-information” 𝑥𝑗 (e.g. T1) to make kernel 

“sharper” where there are edges in the T1



Hybrid kernel method

Problem:
if no contrast in MR, kernel might be too wide.

Idea 1:
make kernels small enough              Bland et al., TMI 2018 

Idea 2:
use PET image from previous iteration to adjust the 
kernel

Deidda et al. Inv Prob 2019

𝑘𝑖𝑗
𝑛+1 = 𝑘𝑖𝑗

𝑀𝑅𝑘𝑖𝑗
𝑃𝐸𝑇,𝑛
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This is a “solved” problem!

𝜃 = argmax𝜃𝐿 𝜃;𝑚 − 𝛽𝑈(𝜃; 𝑥)

or any other method that exploits side information

We can use this for

- multi-tracer PET (use FDG as a prior)

- follow-up PET (use previous scan as prior)

- dynamic PET (use “averaged” PET as prior for each time 
frame)

- Arterial Spin Labelling with T1 as prior

- Heavily undersampled MR with PET as prior

- PET with multi-sequence MR
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Synergistic reconstruction approaches

1. Alternating approaches

Repeat:

1. Reconstruct xxx using yyy as side 
information

2. Reconstruct yyy using xxx as side 
information

e.g. Mehranian A, et al, Magn. Reson. Med, 2018

2. Joint optimisation



Joint reconstruction

Joint optimisation of the PET and MR images

ො𝑥, 𝜃 = argmax𝑥,𝜃𝑂(𝑥, 𝜃; 𝑏,𝑚)

with
𝑂 𝑥, 𝜃; 𝑏,𝑚 =𝑂𝑀𝑅(𝑥; 𝑏) + 𝑂𝑃𝐸𝑇 𝜃;𝑚

and

𝑅 𝜃, 𝑥 = −𝛼𝐶 𝑥 − 𝛽𝑈 𝜃

Add term to impose structural similarity:

𝑅 𝜃, 𝑥 = −𝛼𝐶 𝑥 − 𝛽𝑈 𝜃 −𝜸𝑼(𝜃, 𝒙)



Structural similarity

Edges are expected to be in the same location 
and orientation
(at least when corresponding to anatomy!)

T1 weighted PET

Images F. Knoll, NYU



Example: Joint Total Variation

𝑈 𝜃, 𝑥 = 𝛻𝜃 2 + 𝑎 𝛻𝑥 2

• Encourages regions to be “flat”

• Forces edges to be in the same place
but is independent of orientation

Sapiro and Ringach IEEE TIP 1996;

Haber and Holtzman-Gazit Surveys in Geophysics 2013;
Ehrhardt et al. Inv Probl 2015, 
Lu et al. Phys Med Bio 2015



Using edge orientation:
Parallel Level Sets

𝛻𝑥

𝛻𝜃

𝛻𝜃

𝛻𝑥

𝜙

𝑈 𝜃, 𝑥 = 𝑠𝑖𝑛𝜙 𝛻𝜃 𝛻𝑥

• Encourages regions to be “flat”

• Encourages any edges to be parallel
(and stronger edges more so)

Ehrhardt et al. TIP 2014, 

Ehrhardt et al. Inv Probl 2015 Drawings F. Knoll, NYU



Using edge orientation:
Nuclear norm of Jacobian determinant

𝛻𝑥

𝛻𝜃

𝛻𝜃

𝛻𝑥

𝑈 𝜃, 𝑥 = 𝛻 𝜃 − 𝑥 𝑛𝑢𝑐 1

• Encourages regions to be “flat”

• Encourages any edges to be parallel
(and stronger edges more so)

Bredies et al., SIAM Imag. Sci. 2010

Knoll et al., MRM 2011cDrawings F. Knoll, NYU

rank 0 rank 1 rank 2

nuclear norm of a matrix: 

sum of singular values



Example result: nuclear norm
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PET-MR R=4 MPRAGE

Slide F. Knoll, NYU



Example result Parallel Level Sets

PET-MR simulation (MR: uniform spiral)          

Ehrhardt et al. Inv Prob 2014
Slide M. Ehrhardt, UCL/Cambridge



Joint reconstruction for 
multi-channel, spectral CT data

Rigie et al. PMB 2015
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Penalty very similar to Knoll et al

XCAT simulations



Multi-sequence PET-MR
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Knoll et al. ISMRM 2016 #873
Slide F. Knoll, NYU



Conclusions

Quoting Julian Matthews:

• There are many different ways to construct mathematical 

representations
• Which is the best?

• Which is the best for my particular application?

• The methods have many configuration parameters which will 

need to be optimised for a given application (e.g. β)

A few extra from me:

• What if edges are actually different?

• Functional vs anatomical

• Movement

• Hard to do practically

• Optimisation algorithms are harder 

• Computation time is higher

• Need dual-modality reconstruction chain

Draw backs of joint reconstruction



Advantages of joint reconstruction

Huge scope for improved image quality

• when edges are definitely aligned (e.g. CT?)

• when ill-posedness is very different for the 
different modalities (e.g. PET-MR)



Future directions

• Better understanding of different ways to 
exploit correlations in the image features

• Find ways to set parameters

• Algorithmic improvements

• Testing, testing, testing

=> Understand behaviour first in one-sided 
problem

• Extension towards dynamic data

• Parametric images

• Motion fields
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Questions ?


