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2 Basics of  MRI Reconstruction 

k-space 

Magnetic Resonance Imaging 

MRI system Object 

Spatial information is encoded into the measured data 
during the acquisition: k-space 



  

3 Introduction to MRI Reconstruction 

Magnetic Resonance Imaging 

k-space Object Pulse sequence 

Interaction between imaging gradients is specified in the pulse 
sequence, defining the trajectory to collect the k-space data 
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Magnetic Resonance Imaging 

How do we get an image object from the (noisy) sampled 
measurements? MRI reconstruction 

k-space Object Pulse sequence 

Reconstruction 

Basics of  MRI Reconstruction 
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Forward model: Signal equation 

During MRI acquisition M noisy samples of  this 
signal are collected 

bi = s(ti )+εi, i =1,...,M

Under ideal conditions the MRI signal equation for a single receiver 
coil is given by: 

s(t) = m(r)e−i2πk(t )⋅r dr
V
∫

m: transverse magn. of  the object  
r:  spatial position                       
k:  k-space trajectory  

bi: ith sample in k-space                                   
εi: additive complex white Gaussian noise       
M: number of  measurements (k-space samples)  

k-space 

Basics of  MRI Reconstruction 
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Forward model: Signal equation 

During MRI acquisition M noisy samples of  this 
signal are collected in k-space 

bi = s(ti )+εi, i =1,...,M

Under ideal conditions the MRI signal equation for a single receiver 
coil is given by: 

s(t) = m(r)e−i2πk(t )⋅r dr
V
∫

m: transverse magn. of  the object  
r:  spatial position                       
k:  k-space trajectory  

bi: ith sample in k-space                                   
εi: additive complex white Gaussian noise       
M: number of  measurements (k-space samples)  

k-space 
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MRI reconstruction: Ill-posed inverse problem 

Inverse: We would like to reconstruct the 
unknown object           from the sampled 
measurements  b = b1,…,bM( )

m(r)

Ill-posed: We measure a finite number of  
samples     and want to reconstruct an infinite 
number of  values of   m(r)

b

We can reconstruct multiple objects          that 
will be consistent with the measurements     b

m(r)

MRI reconstruction is an ill-posed inverse 
problem 

Data is discrete 

Object is continuous 

Basics of  MRI Reconstruction 
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MRI reconstruction: assumptions 

- Limited FOV, discrete image 

Usual constraint: object lies on an finite-
dimensional space 

- Limited k-space, discrete k-space 

How do we isolate the solution to reconstruct           ? m(r)
- Using assumptions or constraints 

Basics of  MRI Reconstruction 

What extend of  k-space should be acquired? 

How shall we sample the k-space? 

How these decisions affect the reconstructed 
image? 
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Sampling requirements of  k-space: resolution 

Resolution  FOV 

Basics of  MRI Reconstruction 
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Sampling requirements of  k-space: resolution 

Resolution  FOV 
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Sampling requirements of  k-space: resolution 

Resolution  FOV 
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Sampling requirements of  k-space: FOV 

N lines 

Resolution  FOV 

Basics of  MRI Reconstruction 
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Sampling requirements of  k-space: FOV 

0.5·N lines 

Resolution  FOV 

Basics of  MRI Reconstruction 
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Sampling requirements: Fully sampled 

k-space Image domain 

Δ x ≈
1

2kxmax
Δ y ≈

1
2kymax

FOVx ≈
1
Δkx

FOVy ≈
1
Δky

Basics of  MRI Reconstruction 
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Discrete formulation of  MRI reconstruction 

Introduction to MRI Reconstruction 

b = Ex+ε
b: vector of  sampled data                                               
E: Encoding matrix (k-space sampling and FT)    
x: vector of  unknown parameters x = (x1,…,xN) 
ε: additive noise 

Where we use a discrete approximation of  the true object 

Image reconstruction involves the inversion of  the encoding 
matrix, which comprises the relevant information of  the imaging 
process 

Remembering the one-to-one correspondence between signal 
equation and Fourier transform: 
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Fully sampled MRI reconstruction 

x = E−1b
x = iDFT(b)

iDFT( )= 

For fully sampled acquisitions E correspond to the Fourier 
transform and the inversion can be evaluated by the inverse discrete 
Fourier transform 

In more general approaches E is not well conditioned and direct 
inversion is not possible 

Basics of  MRI Reconstruction 
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Speeding up the acquisition in MRI 

TR = 4ms 
FOV = 430 x 300 x 96 
Resolution = 1.5mm3 

In MRI we need to undersampled to speed 
up the acquisition 

 

Introduction to MRI Reconstruction 

Acq. time = TR×NPEy ×NPEz

⇒ Acq. time = 4×200×64 = 51.2s

NPEy = 200 lines 
NPEz = 64 lines 
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Undersampling in k-space means aliasing in image domain 

What happened if  we undersample the data? 

Figure “Parallel Imaging in Clinical MR Applications”, Springer 2007.  

R =
N f

Ns

Undersampling or 
acceleration rate 

N f :  Fully-sampled 
number of samples

Ns :  Actual number 
of samples

Reduce the number of  
phase encoding steps 

Basics of  MRI Reconstruction 
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Undersampling with different k-space trajectories  

Undersampled 2x Random Radial 

Aliasing appearance depends on how the samples are taken 

Basics of  MRI Reconstruction 
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When undersampling, the linear system becomes underdetermined: 

There is an infinite number of  solutions that satisfy:  

Under-sampled Reconstruction 

M < N

The least square solution is given by:  

x̂ = argmin
x

b−Ex 2

2

b = Ex

How do we find x in this case? 

x = bE
x = bE

Basics of  MRI Reconstruction 
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This leads to the closed-form solution: 

Under-sampled Reconstruction 

where      is the Moore-Penrose pseudo inverse of    

In many cases explicitly computing       is expensive, so iterative 
optimization methods are employed   

x̂ = (EHE)−1EHb x̂ = E+b

E+ E

E+

Basics of  MRI Reconstruction 

- Gradient descent:  
- Conjugate gradient: 

xn+1 = xn −αnE
H (Exn −b)

E is typically ill-conditioned: the least square solution is very 
sensitive to any data perturbation (noisy measurements!!) 

xn+1 = xn −αndn,dn  conjugate with each other
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Undersampled Reconstruction Techniques 

Undersampled data Undersampled 
reconstruction 

Reconstruction 
Techniques 

Constraints 
and 

assumptions 

Basics of  MRI Reconstruction 
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Undersampled data 
(fast but aliased) 

Unaliased 
reconstruction 

Parallel Imaging 

SENSE/GRAPPA 
!

Pruessmann et. al, MRM, 42:952-962, 1999, Griswold et. al, MRM, 47:1202-1210, 2002. 
 

Undersampled Reconstruction Techniques 
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Parallel Imaging: Sensitivity Encoding 

A 

Parallel imaging: acquisition of  multiple images in 
parallel using different coils 

Used to increase SNR or accelerate acquisition 

Conventional single-coil acquisition: one coil 
“sees” the whole object 

!

!

Each coil “sees” a different part of  the object 

Basics of  MRI Reconstruction 
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Parallel Imaging: Sensitivity Encoding Equation 

Sensitivity encoding equation: 

m(r)mi (r) ci (r)

= + ε×

Single coil images Coil sensitivities (Combined) image 

Basics of  MRI Reconstruction Figure from Larkman and Nunes. PMB 2007; 52:15-55 
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Parallel Imaging: Increase SNR 

? 
Sum of  squares: 

- Near optimal combination  

- No need to estimate coil sensitivity maps 

m(r) = mi (r)
2

i=1

Nc

∑ mi(r): single coil images 

Basics of  MRI Reconstruction Figure from Larkman and Nunes. PMB 2007; 52:15-55 



  

30 

Parallel Imaging: Increase SNR 

? 

*Roemer FB et al. MRM 1990; 16(2):192-225 

Sensitivity-weighted combination*: 

- Optimal combination (maximize SNR)  

- It requires knowledge of  coil sensitivity maps 

mi(r): single coil images 
ci(r): coil sensitivities m(r) =

c*i (r)mi (r)
i=1

Nc

∑

ci (r)
2

i=1

Nc

∑

Figure from Larkman and Nunes. PMB 2007; 52:15-55 
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Parallel Imaging: Increase SNR 

Figure from Larkman and Nunes. PMB 2007; 52:15-55 Basics of  MRI Reconstruction 
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Parallel Imaging: Accelerate acquisition 

!!!
Figure “Parallel Imaging in Clinical MR Applications”, Springer 2007  Basics of  MRI Reconstruction 
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Parallel Imaging: Accelerate acquisition 

!!

k-space methods: 

Image-space methods: 

- Estimate k-space missing 
points from neighbors 
using a kernel  

- GRAPPA 

- Unfold using coil 
sensitivities 

- SENSE 

Figure “Parallel Imaging in Clinical MR Applications”, Springer 2007  Basics of  MRI Reconstruction 
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Parallel Imaging: generalized reconstruction 

Under ideal conditions the MRI signal equation for a multiple 
receiver coil is given by: 

sj (t) = m(r)cj r( )e−i2πk(t )⋅r dr
V
∫

m: transverse magn. of  the object  
r:  spatial position                       
k:  k-space trajectory                      
cj:  sensitivity of  coil j 

Forward linear model (concatenating measurements from different coils ): 

b = Ex+ε
b: sampled data from all coils                                               
E: Encoding matrix (k-space sampling, FT  
and coil sensitivity)                                                 
x: unknown parameters                             
ε: additive noise for all coils 

Basics of  MRI Reconstruction 
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Parallel Imaging: generalized reconstruction 

If  the encoding matrix is full rank the inverse solution is: 

If  the encoding matrix is not full rank (acceleration factor < number of  
coils), the least square solution is: 

x̂ = E−1b

Assumption: errors are uncorrelated, 
which is not the case in PI x̂ = (EHE)−1EHb

where Ψ =MMH  is the
noise covariance matrix

x̂ = EHΨ−1E( )
−1
EHHΨ−1b

In general, direct inversion is not feasible due to matrix dimensionality  

Common solutions: decoupling encoding matrix, iterative optimization 

Basics of  MRI Reconstruction 



  

36 Figure “Parallel Imaging in Clinical MR Applications”, Springer 2007  

Parallel Imaging: SENSE* (Sensitivity Encoding) 

*Pruessmann KP et al. MRM 1999; 42:952-962 



  

37 

Parallel Imaging: SENSE* (Sensitivity Encoding) 

*Pruessmann KP et al. MRM 1999; 42:952-962 Basics of  MRI Reconstruction 
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Parallel Imaging: SENSE idea 

Sensitivity encoding 

Coil map 2 Coil map 1 

Basics of  MRI Reconstruction 
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Parallel Imaging: SENSE uniform undersampling 

Basics of  MRI Reconstruction 

I1(x, y)

I2 (x, y)

C1(x, y)

C2 (x, y)

m(x, y)

m(x, y)

I1 =C1m

I2 =C2m



  

40 

Parallel Imaging: SENSE uniform undersampling 

Basics of  MRI Reconstruction 

b1(x, y) C1(x, y) m(x, y) C1(x, y+
FOV
2
) m(x, y+ FOV

2
)
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Parallel Imaging: SENSE uniform undersampling 

Basics of  MRI Reconstruction 

b1(x, y)

b2 (x, y)

C1(x, y)

C2 (x, y)

m(x, y)

m(x, y)

C1(x, y+
FOV
2
)

C2 (x, y+
FOV
2
)

m(x, y+ FOV
2
)

m(x, y+ FOV
2
)

b =Cm
Reconstruction is 

performed by inverting 
the sensitivity matrix 

b1
b2

!
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Parallel Imaging: SENSE examples 

8-Channel 

Maximum 
undersampling 

factor? 
PE 

Basics of  MRI Reconstruction 



  

43 

Parallel Imaging: SENSE examples 

2x 3x 

4x 5x 6x 

Acceleration factor is determined from the number of  coils in the phase 
encoding direction 

Basics of  MRI Reconstruction 
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Parallel Imaging: SENSE limitations 

Basics of  MRI Reconstruction 

SNR reduction:  

g : coil geometry 
factor or g-factor  

SNR is spatially variant (depending on how the coils are arranged, how 
they overlap, undersampling factor, etc.)  

SNRacc =
SNRno−acc
g R

Fewer 
measurements 
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Signal equation: 

sj (kx,ky ) = m(x, y)cj x, y( )e−i2π kxx+kyy( ) dxdy
FOVx,y
∫

e−i⋅0⋅Δkyy

e−i⋅1⋅Δkyy

e−i⋅2⋅Δkyy

e−i⋅3⋅Δkyy

sj (ky = 0 ⋅ Δky )

sj (ky =1⋅ Δky )

sj (ky = 2 ⋅ Δky )

sj (ky = 3⋅ Δky )

Phase encoding gradients generate spatial harmonics 

Parallel Imaging: GRAPPA*
(Generalized Autocallibrating Partially Parallel Acq.) 

Basics of  MRI Reconstruction *Griswold MA et al. MRM 2002; 47:1202-1210 
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Acquired lines: 

Non-acquired lines: 

sj (ky ) = m(y)cj y( )e
−i2π kyy( ) dy

FOVy
∫

sj (ky + nΔky ) = m(y)cj y( )e
−i2π nΔkyy( )e−i2π kyy( ) dy

FOVy
∫

Difference between shifted k-space 
line: spatial harmonics of  order n 

Idea: figure out the relationship “somewhere” in k-space between 
acquired and non-acquired lines and use it to reconstruct the rest of  
the data 

Parallel Imaging: GRAPPA*
(Generalized Autocallibrating Partially Parallel Acq.) 

Basics of  MRI Reconstruction *Griswold MA et al. MRM 2002; 47:1202-1210 
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Parallel Imaging: GRAPPA*
(Generalized Autocallibrating Partially Parallel Acq.) 

The relationship between acquired and non-acquired lines can be 
expressed by linear weighting factors: 

snon−acquired =w ⋅ sacquired

*Griswold MA et al. MRM 2002; 47:1202-1210 Basics of  MRI Reconstruction 
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Parallel Imaging: GRAPPA*
(Generalized Autocallibrating Partially Parallel Acq.) 

The relationship between acquired and non-acquired lines can be 
expressed by linear weighting factors: 

starget =w ⋅ ssource

*Griswold MA et al. MRM 2002; 47:1202-1210 Basics of  MRI Reconstruction 

Source 

Target 

2x5 GRAPPA kernel 

Coil 1 

Coil 2 Coil 1 

Coil 2 

Global weighting factors can be 
estimated on a small region or kernel 
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Parallel Imaging: GRAPPA*
(Generalized Autocallibrating Partially Parallel Acq.) 

The weights w can be estimated using an auto calibrated signal (ACS) 
where target and source samples are known: 

*Griswold MA et al. MRM 2002; 47:1202-1210 Basics of  MRI Reconstruction 

Source 

Target 

2x5 GRAPPA kernel 

Coil 1 

Coil 2 Coil 1 

Coil 2 

Auto 
calibration 

region 

w = sACS
target sACS

source( )
+
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Parallel Imaging: GRAPPA framework 

Figure “Parallel Imaging in Clinical MR Applications”, Springer 2007  Basics of  MRI Reconstruction 

w = sACS
target sACS

source( )
+

starget =w ⋅ ssource

m(r) = mi (r)
2

i=1

Nc

∑
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Parallel Imaging: GRAPPA Examples 

Coil-by-coil reconstruction using convolution with weights follow 
by coil combination 

Auto calibrated: weights estimated from fully sampled ACS 

Sampling geometry dependency: own weights/kernels  

Basics of  MRI Reconstruction 

2x 3x 4x 
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Parallel Imaging: general advantages 

3x 

Figure “Parallel Imaging in Clinical MR Applications”, Springer 2007  Basics of  MRI Reconstruction 
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Summary 

 
 
 

 

Ill-posed inverse problem 
- Usual constraint to isolate the solution: object lies on a finite dimensional 
space (limited and discrete FOV and k-space) 

FFT and Fourier reconstruction: 

- For fully sampled acquisition the reconstruction can be performed using 
the inverse DFT 

 
 
 

 MRI Reconstruction 

- Undersampling introduce aliasing in the image domain and linear 
system becomes underdetermined 

Reconstruction from undersampled data: 

- Assumptions or prior-information can be incorporated into the reconstruction 
process to constraint or regularize the solution 

Basics of  MRI Reconstruction 
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Summary 

 
 
 

 

 
 
 

 

Parallel imaging undersampled reconstruction: 
- Non- Fourier encoding: additional source of  spatial encoding 
- Robust: use in every day clinical practice 

- Image domain reconstruction 
SENSE: 

- Requires (accurate) coil sensitivities maps  
- Applicable for all coil geometries and sampling geometries 

- k-space reconstruction 

GRAPPA: 

- Does not requires coils sensitivities maps (autocallibrated, more robust)  
- Sampling geometries dependency, calibration region size, kernel size 

Parallel Imaging for Undersampled MR Data  

Basics of  MRI Reconstruction 
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